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Abstract

We study online detection of structural change in time series and propose a
sequential monitoring scheme based on adjusted-range self-normalization. Unlike
CUSUM procedures that require long-run variance estimation—and thus bandwidth,
kernel, or block choices—our method is fully tuning-free. Relative to classic self-
normalization, which can erode power for Kolmogorov—Smirnov—type detectors as
shifts grow, the adjusted-range normalizer curbs over-inflation and preserves sensitivity
in real time. We derive the limiting null distribution of the monitor and establish
consistency under weak conditions. Simulations benchmarked against kernel-HAC
CUSUM and standard self-normalized monitors show accurate size, materially higher
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power, and shorter average run lengths, especially when the training window is mildly
contaminated by undetected breaks. An application to high-frequency USD/GBP
around the 2016 UK referendum and the 2020 COVID-19 turmoil demonstrates timely
alarms and robust performance without tuning.

Keywords: sequential monitoring; change-point detection; self-normalization; adjusted-range-
based; average run length.



1 Introduction

Structural change is a pervasive feature of modern data—arising with shifts in monetary
policy, market microstructure, public-health crises, and environmental shocks. Ignoring such
breaks can induce model misspecification and misleading inference. Early work established
powerful retrospective tools for testing and estimating break dates (e.g. Andrews 1993, Bai
& Perron 1998, 2003, Chen & Hong 2012, 2016, Perron & Yamamoto 2015, Perron 2006),

while surveys emphasize their centrality for economic time series (Aue & Horvath 2013).

Increasingly, however, the relevant question is sequential and practical: Is yesterday’s model
still adequate for today’s data? (Chu et al. 1996). Online monitoring schemes address this by
using an initial training window of length m and repeatedly testing incoming observations
against the baseline at a controlled false-alarm rate. CUSUM-type procedures are popular
(Gut & Steinebach 2002, Berkes et al. 2004, Zeileis et al. 2005, Gombay & Horvath 20009,
Gombay & Serban 2009, Horvéth et al. 2022), and related sample-normalized and ratio-type
monitors have a long history in the sequential-change literature (see, e.g., Horvath et al.
2008, Horvath & Rice 2024). These approaches typically normalize by quantities estimated
from the training sample, and their justification rests on partial-sum approximations for
estimators and empirical-process functionals. In practice, however, procedures that rely on
heteroskedasticity and autocorrelation consistent (HAC) long-run variance (LRV) estimation
introduce tuning choices (kernel, bandwidth, block length) and sensitivity to dependence and
heteroskedasticity, which matter in finite samples and can distort size or erode power (Newey
& West 1987, Andrews 1991, Newey & West 1994, Miller 2007). From a methodological
standpoint, our setup follows the classic linearization/partial-sum route—tracing back to
Durbin’s early ideas on recursive/score-based expansions and sequential diagnostics (e.g.,
Durbin 1969, Brown et al. 1975) and developed systematically in change-point monographs

and surveys (Csorgé & Horvath 1997, Horvath & Rice 2024)—which makes transparent the



link between observations, influence functions (IFs), and the resulting monitoring statistics.

These considerations motivate stabilization strategies that retain sequential responsiveness
while reducing tuning and robustness burdens. A compelling remedy is self-normalization
(SN) (Lobato 2001, Kiefer & Vogelsang 2005, Shao 2010), which replaces the unknown
LRV with a data-dependent, nuisance—free normalizer constructed from partial sums. In
sequential monitoring, SN is attractive because it eliminates delicate tuning choices (no
bandwidths, kernels, or block sizes), yields pivotal or near—pivotal asymptotic critical values
under weak conditions that accommodate serial correlation and heteroskedasticity, maintains
stable size in the presence of realistic dependence, and imposes a far lower computational
burden than resampling schemes. At the same time, the classical SN normalizer can grow
too quickly in the face of sizable structural shifts, producing “good size but weak power”
for KS—type statistics (Shao & Zhang 2010); this shortcoming motivates power—enhanced

self-normalization designs tailored to preserve sensitivity under pronounced changes.

We build on recent progress showing that an adjusted-range self-normalizer—based on the
range of partial sums rather than their quadratic variation—ameliorates this power defect
for KS-type tests (Hong, Linton, McCabe, Sun & Wang 2024, Hong et al. 2025). Intuitively,
the adjusted-range grows more slowly under structural change than the quadratic SN
normalizer, so the resulting test statistic increases monotonically with break magnitude and
is less sensitive to mild contamination of the training window (a realistic risk as m grows).
This improved behavior is particularly relevant for online monitoring, where sequential
accumulation makes occasional Type II “leakage” of borderline breaks into the training set

plausible, and where the self-normalizer is computed once and reused throughout monitoring.

Building on these insights, we extend the adjusted-range self-normalization framework to
sequential change-point monitoring and develop its accompanying asymptotic theory. In

the online setting, the self-normalizer is recursively reused over time, which raises analytical



challenges related to dependence between training and monitoring periods and joint weak
convergence under sequential stopping rules. While our theoretical analysis assumes a
stationary training sample, the adjusted-range design offers practical robustness to mild
contamination that may arise in real-time applications. We provide a unified asymptotic
treatment for both finite and open-end horizons, establish the validity of simulation-
based critical values, and demonstrate that adjusted-range—based self-normalization can be

effectively operationalized for sequential change-point detection.

In this paper, we propose an adjusted-range—based self-normalized sequential monitor-
ing scheme (RSMS) for online change—point detection. This is, to our knowledge, the
first online monitoring scheme to deploy adjusted-range self-normalization, relative to a
standard CUSUM monitor with HAC LRV (CSMS) and the self-normalized scheme of
Chan et al. (2021) (SSMS). RSMS preserves the tuning—free, nuisance—free advantages
of self-normalization—eschewing bandwidths and block choices while admitting simple
simulation—based critical values; its adjusted—range normalizer retains power under sizable
shifts and exhibits robustness to mild contamination in the training sample, thereby mit-
igating the monotonicity and power losses documented for quadratic SN in KS settings
(Shao & Zhang 2010, Hong, Linton, McCabe, Sun & Wang 2024, Hong et al. 2025); and it
accommodates a standard early—signal weight v € [0,0.5) to emphasize incipient changes,
with simulations showing that small positive 7 substantially shortens average run length
(ARL) for RSMS at little size cost, whereas the same adjustment is less beneficial for SSMS

(see also Homm & Breitung 2012, Horvath et al. 2022, Kirch & Stoehr 2022).

We study functionals of empirical distributions, covering approximately linear statistics
and M-estimators, and derive the null asymptotics with simulation-based critical values for
finite and open-end horizons. Under the alternative hypothesis, we establish the consistency

of the proposed procedures. Monte Carlo results indicate that RSMS achieves accurate size



(relative to SSMS, which tends to be over-conservative, and CSMS, which is tuning-sensitive),
higher power, and shorter ARL. An empirical analysis of the USD/GBP exchange rate around
the 2016 Brexit referendum and the 2020 COVID-19 shock corroborates these findings:
RSMS flags breaks promptly and robustly, often earlier than SSMS and competitively with
(or better than) well-tuned CSMS. Overall, RSMS offers a practical, computation-light, and
tuning-free online monitor with strong finite-sample performance and theoretical guarantees,

making it well-suited for high-frequency and real-time decision environments.

2 Adjusted-Range-Based Self-Normalized Online

Change-Point Detection

2.1 Quantities of Interest: Empirical Functionals and Asymptotics

We work with a broad class of targets—functionals of empirical distributions—covering
approximately linear statistics (e.g., marginal mean, variance, covariance) (Shao 2010,
Dette & Gosmann 2020, Hong, Linton, McCabe, Sun & Wang 2024, Hong et al. 2025) and
standard estimators defined by estimating equations. The latter includes M-estimators,
encompassing maximum likelihood (ML), generalized method of moments (GMM), least

squares (LS), and robust or quantile regression (Kunsch 1984, 1989).!

Let {X;}{~, be a d-dimensional stationary time series. The empirical d-variate distribution
based on {X;}/_; is

G
AR Z xo

where 6, denotes the Dirac measure placing unit mass at x € R?. For the full sample we

L fd — d
write F{, = F.

I The framework is deliberately general to accommodate these estimator classes. Because M-estimators
are widely used and robust to outliers through flexible loss functions, we give a dedicated treatment in

Appendix A.3.



Let = G(F?) € R? be the target, where G is a functional on the d-variate distribution F ¢,

and define the plug-in estimator 6, = G(F?).

Following Kunsch (1984), consider the class of plug-in estimators
bn=G(FY), G:Mix—0, (1)

where 6, € R? is computed from {X,}7,, © C RY is compact, and .Z2%, denotes the set of

d-variate distributions of stationary processes.

The representation in (1) accommodates estimators defined implicitly as solutions to
t=1

for a measurable map ¢ : R x © — R? The population counterpart § = G(F9) is
characterized by

[ ¥(@:0)F () = 0, (3)
linking the underlying distribution F¢ to the estimating function % (-). Illustrative choices
of ¢ include: (i) Descriptive statistics. For univariate X; and mean p, 1(Xy; ) = Xy — u, so
P (X ) = 0= [, =n 7 Xy; for variance with 6 = (u, 0%)', take ¥y (Xy; p, 02) =
X; — p oand Yo(Xy;p,0%) = (Xy — p)? — 0. (ii) Least squares. In the linear model
Y; = X[ + uy with E(u; | X;) = 0, the estimator solves Y1, ¥((Xy, Y:); 8) = 0 with
V(X Yy);8) = Xy (Yt - Xt’ﬁ), the first-order condition from minimizing Y"1, (V; — X/3)?
(Kiefer & Vogelsang 2002). (iii) Mazimum likelihood. With log-likelihood contribution ¢;(6),
the score 1h(Zy; 0) = Vgly(0) yields X1, ¥(Z;; 0,) = 0. See also Hong et al. (2025) and, for

additional time-series examples (including AR(p)), Kunsch (1984).

We define the IF as

(o) -y LI




where 6,(z) = 1{x < 2} denotes the distribution function of the Dirac measure at x € R,
with the inequality interpreted component-wise. The standing conditions below parallel
those in Shao (2010), Shao & Zhang (2010), Hong, Linton, McCabe, Sun & Wang (2024);

see these references for discussion and motivation.

Denote D([0,7T" + 1], R?) as the Skorokhod space of cadlag (right-continuous with left limits)

functions, equipped with the J; topology; “==" stands for weak convergence in this space.

Assumption 1. Let {X;}ien be strictly stationary with E{IF(X;F4)} = 0. Asm — oo
and for any T € (0, 00],

Lrm]
m 2N IF(X; FY) = \/E(FY)B,(r) in D([O,T—i—l],]Rq) under the Skorokhod Jy topology,

=1
where By(+) is a g-dimensional standard Brownian motion and (/3(F9) is a q¢ X ¢
lower—triangular matrix with nonnegative diagonal entries. The long—run vari-
ance—covariance matrix is

S(FY) = Y Cov{IF(X,; F*), IF(X;; F*)},
k=—o00

and is positive definite.

The functional CLT above holds under standard primitives (e.g., summable a- or f-mixing
with a 24§ moment, near-epoch dependence, or finite-¢ physical dependence) that ensure
weak convergence in D([0,00),R?) under Ji; see, for example, Billingsley (1968), Whitt

(2002). This covers both fixed 7' < 0o and open-end 7' = oc.

Assumption 1 aligns with Assumption 1 in Shao (2010) and Assumption 3.1 in Shao &
Zhang (2010). As those papers emphasize, it is a high-level (functional CLT) requirement
rather than a primitive one; see, for example, Assumption 2.1 in Phillips (1987) for primitive

conditions under which it holds.



Assumption 2. The remainder term Re; ; is defined via

! ijIF (X1, F') + Re;,

G(FE) =6 (F) + 5y 2

and satisfies Sup, <, j<,(j — i+ 1) - [Re; ;| = o, (n1/2>.

In view of (3), we set Xy, = M2 (Fd) M', where M is a normalization matrix that aligns
the scaling of the IF with ¢(-). We use the notation 3, when emphasizing a parametric
specification. See (A.21) and (A.22) in Appendix A.3 for the mapping between the IF and

¥(+), and for the explicit expression of M.

2.2 Sequential Monitoring Framework and Hypothesis Formula-
tion

The IF together with Assumptions 1 and 2 provide a baseline framework for analyzing
estimators under stationarity. In practice, however, time series frequently exhibit structural
breaks that violate these conditions. To accommodate such departures, we extend attention
to a dynamic environment in which change-points can shift the parameters of interest. The
aim is to detect these shifts sequentially, allowing the procedure to adapt promptly to

evolving data-generating mechanisms.

We observe the sequence { X;} in real time. A change-point occurs at time ¢* if the parameter
equals 6y for {X;}!_, and switches to 6; # 6y for {X;}7,.. The objective is to identify this

change in # with minimal delay.

Let the joint likelihood of {X;}}; be fy, and consider {fy : 6 € ©} as a parametric family

indexed by 0. The parameter is estimated by (2): Y7, (X;,0,) = 0.

The first m observations serve as the training sample and, in practice, are typically ver-
ified by retrospective tests to be free of structural breaks. The subsequent observations,

{ X hem+1.m+2. m+mr, arrive sequentially and form the testing sample, where 7' € (0, 00]

9



is a user-specified (possibly infinite) ratio of the monitoring horizon to the training-sample

size.

Online change-point detection can be posed as a hypothesis test with null
Hy:0=0y fort=1,2,....m+mT,
against the alternative

0o, fort=1,2,...t"—1,
H1:9:

0, fort=t"t*+1,....m+mT,
where t* > m is the unknown change-point and t* = m + k* for some k* > 0. Provided
0 = 0y in the training sample, standard regularity conditions yield 0,, B 0y, where 0,, is

obtained from the training sample by solving (2).

We refer to {t)(Xy,0,,) Y, as the “generalized residuals” and to {1(Xy, ) }75m% as the
“generalized forecast errors.” Intuitively, in the absence of change-points, the sequence

o~ o~

{¥(X+,0m) }t=m+1.m+2... should be similar in distribution to { (X, 6,,) }7".

More precisely, consider the CUSUM statistic

m+k
S (00) = 3 0 (%.00). g

t=m-+1
Under no change, the sequence {4)(X;, 0,,) 7T 11 has expectation close to zero, so Sy, (k, On)
behaves like a Brownian motion. Note that the “generalized residuals,” and hence the
“generalized forecast errors,” typically exhibit temporal dependence; independence arises

only in special cases—for example, when 6, comprises the mean and variance for serially

i.i.d. Gaussian data.

Accordingly, the CUSUM process (4) should be standardized by an LRV estimator, such as
the HAC estimator (Newey & West 1987, 1994, Andrews 1991). However, Miiller (2007)

shows that HAC-robust tests can suffer from size distortions in finite samples with realistic

10



dependence. Alternatives—fixed-b asymptotics, block bootstrap, and subsampling—require
tuning choices (Hong, Linton, McCabe, Sun & Wang 2024, Hong et al. 2025). See Appendix
A.1 for the detailed specification of the CUSUM-based sequential change-point monitoring
scheme (CSMS), which employs the standard CUSUM process normalized by the HAC LRV

estimator.

To avoid tuning-parameter choices, Chan et al. (2021) adopt Shao’s (2010) self-normalization
and propose the SSMS, denoted M (k). See (A.2) in Appendix A.1 for the exact expression
of M? (k), and Chan et al. (2021) for further discussion. However, (A.2) is a KS-type statistic.
Shao & Zhang (2010) show via simulations that the self-normalized KS statistic—constructed
using Shao’s (2010) self-normalization—exhibits declining power as the magnitude of the
structural shift increases; see their Figure 1. This weakness does not affect (A.2) when
the sequence {X;}{*, is free of change-points; the issue arises when “mild” breakpoints
inadvertently enter the training sample, inflating the self-normalizer and deflating M? (k),
thereby reducing the sensitivity of SSMS. This is particularly problematic for Chan et al.’s
(2021) framework, which fixes T" and lets m — oo, so mT — co. At some point, a type II
error is bound to occur. This limits the use of Shao’s (2010) self-normalization in online
change-point detection. See Appendix A.5 for simulation evidence under contaminated

training, where RSMS outperforms SSMS in both detection and ARL.

We propose using Hong, Linton, McCabe, Sun & Wang’s (2024) adjusted-range-based self-
normalization, as the adjusted-range KS test exhibits strong power under the alternative.
Owing to the robustness of range statistics (cf. Hong, Linton, McCabe, Sun & Wang (2024),
Hong et al. (2025) for a literature review and discussion), the presence of “mild” structural
changes—potentially included in the training sample due to type II errors—may attenuate

detection sensitivity far less than in Chan et al.’s (2022) approach.

Following Hong, Linton, McCabe, Sun & Wang (2024) and Hong et al. (2025), we ap-

11



ply partial prewhitening by linearly transforming 1 (-). Specifically, define 17 (Xt, ém) =
é;llw(Xt,gm), where C,, equals the identity when {w(Xt, )}t , exhibits no cross-
dependence. In general, C,, is obtained from the square-root-free Cholesky (LDL) de-
composition of the sample variance X, of {¢ (Xt, )}t .- Let 3, = C,,D,,C be the
LDL decomposition of the variance—covariance matrix of {1 (Xt, )}t 1, Where D,, is
diagonal and C,, is the unique unit lower triangular factor. The sample counterpart satisfies
Yo = @mﬁm@’m Since the sample variance—covariance matrix consistently estimates the
population counterpart, and the LDL decomposition is unique for any positive definite

matrix, we have C,, = C as m — oc.

We define the CUSUM processes based on the training and testing samples as follows:

S (0) = (610 (1.3,) - 819 (1.8,)) = S0 (X08,) € B k=12, .m
t=1

and
St (kBn) = L1 (1.3,) sl (1) = 32 f (X0f) €RY, k=12, mT.
t=m+1
(6)
respectively.

The adjusted-range self-normalizer is computed from the training sample:

max1<k<m (k: 0, ) m1n1<k<m (kz 0, )
R,. (@m) = m~/% diag : € RYx R?, (7)

maXi<k<m S WSd (k? 0 ) m1n1<k<m nsd (k’ 0 )
where diag(-) returns the square matrix whose diagonal entries are given by the argument

vector.

The adjusted-range monitoring statistic is defined by
St (k,00) Ron (8) " 81, (k. 0,0)
REENES .

12

M, (k) =



2
where the factor (HLW) " increases the weight on smaller k/m ratios, thereby enhancing

sensitivity to early changes.

This setup aligns with Chu et al. (1996), who argue that monitoring schemes with v € [0, 0.5)
are effective for detecting early structural breaks; see also Horvath et al. (2004), Horvath
et al. (2007), Homm & Breitung (2012), Aue & Kirch (2024), Horvath et al. (2022), and

Kirch & Stoehr (2022).

Setting v > 0, however, can distort the type I error under the null. To mitigate this, Horvath
et al. (2022) propose a correction term that converges in probability to one. While it leaves
the asymptotic distribution unchanged, it relies on a consistent LRV estimator—undermining

the key benefit of self-normalization, which is to avoid LRV estimation altogether.

Our simulations further indicate that v > 0 does not improve early detection for SSMS,
which may explain why Chan et al. (2021) do not incorporate a v term. By contrast,
for RSMS, a modest choice (e.g., v = 0.15 as in our experiments) yields only minor size
distortion while materially improving early detection through lower ARL. We therefore
recommend a positive v when early detection is paramount or delays are costly, such as in

financial risk management or fault detection in safety-critical settings.

The proposed monitoring scheme employs the following stopping-time criterion:

13



Algorithm 1 Adjusted-Range-Based Online Change-Point Detection Scheme

1: Input: Monitoring horizon 7', asymptotic decision boundaries cg for significance level

o
2: for k=1 tomT do

3: if MZ(k) > cg then

4: Stop at time k; change detected.
5: return

6: end if

7: end for

8: No change detected; set stopping time to m7T + 1

The stopping rule balances sensitivity to structural change against false alarms via the choice
of threshold cg and monitoring length mT'. If early termination occurs, the change-point
location can be estimated ex post by casting detection as a model estimation or selection

problem; see, e.g., Bai & Perron (1998, 2003).

3 Asymptotic Properties of the RSMS

3.1 Asymptotic Properties Under H,
We impose the following identifiability conditions.
Assumption 3. The true parameter 0y lies in the interior of ©.

Assumption 4. E[supycg ||¥(Xt, 0)||]] < oo, and 6y is the unique solution to E[1)(X;,0)] = 0.

Specifically, for any € > 0 there exists k > 0 such that |0 — 0y|| > € implies E[}(X},0)] > k.

Assumption 5. E{supae@ Hw(Xt,@o)HHﬂ < oo for some 6 > 0, and {X;} is strongly

mizing with coefficients oy, satisfying Y 54 ai/(2+5) < 0.

14



Assumption 6. (X, 0) is continuously differentiable in 0 on a neighborhood Vy, of 0o,

and E(Supge‘/% |0Y( Xy, 6) /86”) < 00.

The next result establishes the weak convergence of R,, (§m>, which in turn delivers the

decision boundary cg = cg(a, d,T') for asymptotic size « to control the type I error.
Theorem 1. Under Assumptions 1-6, we have 0,, = 0, + 0,(m~1%). Moreover:

(a). R2, (ém) Z (211/2> R (211/2)/ as m — oo, where

R = ldiag{ sup (Bg(r) —rBa(1)) — inf (Ba(r) — rBd(l))}] ,

re(0,1] r€(0,1]
Ba(r) is a standard d-dimensional Brownian motion, R,, (HAm) is defined in (7), and

ETZJ = Var(w(Xb 60)) = Zioz—oo EW)(Xt? 90) ¢<Xt+k‘7 90)/]'

(b). The asymptotic size of RSMS with boundary cg for T < oo is

Uq(s)R™U
Tim P(TE < mT|Hy) = P| sup a(s) d(;) >erl, 9)
L<s<T (1 4 5)2 (5%1)
where Ug(s) = Ba(1 +s) — (1 + s5) By(1).
(c). For T = oo, if {X;} is geometrically p-mizing,® then
Uy(s)R™IU
Tim P(TE < co| Hy) = P| sup () d(jz > cp
1<5<00 (1 + g)2 (ﬁ)
B /R71ET
= P( sup () 5 a(¥) > cR> , (10)
0<u<l ur

where Ug(s) = By(14s)— (1+5) Ba(1), and BY(u) is a standard d-dimensional Brownian

motion independent of R.

The decision boundary cg is chosen to achieve a prespecified asymptotic size a, i.e.,

ol o Ba(1+5) — (1+ 5)Ba(1)] RBa(1 + s) — (1 + s)By(1)] el =, (11)

o )

? That is, p(k) := SUPjera(a,), gec2(sy) | Corr(f,9)| = O(a*) for a € (0,1), with Ay and By, the o-fields
generated by {X; : t < 0} and {X; : t > k}, respectively, and £2(F) the space of square-integrable

F-measurable variables.

15



or equivalently,

P( sup Bi(u) R™B;(u) > cR> = a. (12)

0<u<l1 u?
The probabilities in (9)—(10), and hence the asymptotic boundaries cg, are approximated
via Monte Carlo simulation. We consider T' € {1,2,5,10}, where T" = 1,2 denote short
monitoring horizons, T" = 5 a medium horizon, and 7" = 10 a long horizon. Simulations are

conducted for d =1,...,5 under v = 0 and v = 0.15. Results are reported in Table 1.

Table 1: Simulated asymptotic decision boundaries for the RSMS with T"= 1,2, 5, 10 and

vy=0orv=0.15

da 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%

1 2.1 1.5 2.7 2 3.4 2.5 3.9 2.8 2.7 2 3.3 2.5 3.9 2.9 4.3 3.2
2 3.2 2.4 5.2 4.1 10.9 8.3 21.1 159 438 3.7 8 6.2 19.2 147 446 33.1
3 4 3.3 6.5 5.1 13.8 108 26.6 21.1 5.8 4.7 9.6 7.9 23.8 184 53.8 41.7
4 4.8 3.9 7.6 6.2 16.2 12.8 30.7 24 6.9 5.7 11.5 9.2 28.1 222 634 49.7

5 5.5 4.5 8.9 7.3 18.3 148 353 286 7.8 6.5 12.7 104 299 245 713 553

Notes: Asymptotic decision boundaries cp are computed by Monte Carlo with 10,000 replications.

Brownian motions are simulated using 10,000 x (m/T + 1) i.i.d. N(0,1) draws.

3.2 Asymptotic Properties Under H;

This section establishes the consistency of the proposed RSMS. We begin by imposing mild

regularity conditions on the post-change process.

Assumption 7.
(a) Let { X} '}, denote the process after the change-point. Assume that E[1)(X/, 0y)] = ¢ # 0
for some constant c € R,

(b) Assume that E(suplgeUg0 (X}, 9)H> < oo for some neighborhood Uy, of .

16



Assumption 7 ensures that the behavior of (X, 6y) changes after the break, so that

E[¢ (X}, 6y)] becomes nonzero but remains finite in expectation.

Assumption 8. Under the alternative (Hy : 6y # 60y), the change occurs at m + k* = [mc|
for some c € (1,T + 1). Moreover, there exist two Brownian bridges, (Bd(s) — sBd(1)> and

(IB%d(s) —By(c) — (s — C)Bd(l)), such that the joint weak convergence

[ Ly IR(X,, 90)}56(0,4 o {VED(Ba(s) - sBdu))}se(od
{Esim) o IF(X,0) {VE®(Ba(s) - Balc) — (s — )Ba(1)) }

holds, where XY and 2 are positive definite matrices defined by

s€(c, T+1] s€(c, T+1]

5O = s (M) =m0 i B[ (X, 00) 00 (Xoii, 00 | (M), 0=1,2,

k=—o00

Assumption 8 fixes the change-point location to ensure a non-negligible post-change segment

for monitoring. A similar condition is used by Dette & Goésmann (2020).
Theorem 2 establishes the asymptotic consistency of RSMS.

Theorem 2. For the RSMS with decision boundary cr chosen to satisfy (11) or (12) at
significance level o € (0,1), and under Assumptions 7 and 8, the asymptotic power equals
one, 1.e.,

lim P(Tﬁng‘ Hl) =1 forT < oo,

m—00
and

lim P(Tfj < mT‘ Hl) =1 forT =o0.

m— 00

4 Simulation Studies

Modeling the conditional mean and variance is central to statistical inference and underlies
forecasting in economics and finance. The conditional mean captures systematic dynamics

over time, whereas the conditional variance quantifies forecast uncertainty.

17



We study structural breaks in the conditional mean of continuous time-series processes
and evaluate the ability of the RSMS, SSMS, and CSMS statistics to detect such changes.
Performance is assessed by (i) simulated type-I error (empirical size) under the null, (ii)
rejection probability (power) under the alternative, and (iii) ARL. All results are based
on 1,000 Monte Carlo replications. Empirical size is reported at the 5% and 10% nominal

levels; power and ARL are reported at the 5

Appendix A.4 considers parameter constancy in a Poisson autoregressive (PAR) model,
widely used for count-valued series such as transaction or default counts. In this setting
the conditional mean depends on past realizations, while the conditional variance follows
from the Poisson law. Because the process is equidispersed—its marginal mean equals its
marginal variance—tests of PAR parameter constancy coincide with tests for constancy of

both the unconditional mean and variance.

Finally, motivated by the possibility that online procedures may inadvertently admit
post-shift observations into the training window, Appendix A.5 studies training-sample
contamination. RSMS remains markedly more robust than SSMS in this case, delivering

higher detection rates and shorter ARLs.

We consider four data-generating processes (DGPs) under the null hypothesis.

DGP1: Simple Homoskedastic Errors. Let X; follow a bivariate VAR(1) model

Xt = \I/Xt,1 + & with

0.5 0.0
U —

0.0 0.5

{&} iid. MN(0, 1),

where MN denotes the multivariate normal distribution and I is the 2 x 2 identity.

DGP2: VAR with Homoskedastic Errors. As in DGP1, but allowing cross-dependence
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in X; and &;:

0.5 0.1 1.0 0.1
, {e:} ~MN(0,%,), X, =

0.1 0.5 0.1 1.0

U =

DGP3: VAR with Conditional Heteroskedastic Errors. As in DGP2, but with
conditional heteroskedasticity in the errors. The bivariate process {e;} has components ¢,

i = 1,2, each following GARCH(1,1):
= Ei/get, aﬁt =(1—ay—p1)+ ozpsit_l + 51‘71'2,t—1a 1=1,2,
where ¥, = diag(a7,,03,), (a1, 1) = (0.1,0.2), and {e;} is i.i.d. with e, ~ MN(0, I5).

DGP4: VAR with Unconditional Heteroskedastic Errors. Introduce a volatility
shift:

Uzt:a§[1+5l(t>m/2)}, oo=1,6=02 i=1,2,

where [(-) is the indicator function. All other elements are as in DGP2. The series X,
is nonstationary due to 6. Note that the null remains valid (the conditional mean is

unchanged), but Assumption 1 is violated.

The goal is to test constancy of the mean level. The null is Hy : 1 = g, and the alternative
H, is the negation of Hy. Accordingly, set ¢(Xy, i) = X; — fig With fi,, = m~ 37" X,
This choice of v is used to construct RSMS, SSMS, and CSMS. In particular, the RSMS for

the mean employs the stopping time

m-+k -~
C, = {mln{k )Zt mf;;(,um) ,me)‘ > 1/2<1—|— k) }, mT—l—l}.

The SSMS and CSMS stopping rules are defined analogously, replacing R, (fi,,) with the

square root of either Shao’s (2010) self-normalizer or the long-run variance (LRV) estimator
based on the training sample, respectively. For CSMS, the LRV bandwidth is selected by

Silverman’s rule of thumb.
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Monitoring horizons are set to m1" with 7" € {1,2,5,10} under the null and 7" € {1,2,5}
under the alternative. Note that 7" = 10 approximates the open-end scheme (T' = c0),

which is typically infeasible in practice.

We deliberately do not fit ARMA-GARCH models in order to assess how temporal depen-
dence and heteroskedasticity affect monitoring performance. Likewise, we omit the partial

prewhitening from Section 2.2 when evaluating RSMS to preserve cross-dependence effects.

Under the null (Table 2), RSMS type I error rates generally lie close to the nominal 5%
and 10% levels across most scenarios, especially for moderate and larger training sizes
(m = 500,1000) and smaller 7. For example, with m = 500 or 1000, realized sizes are
typically within a few percentage points of the targets for all 7. SSMS tends to be undersized,
often below the nominal levels; for m = 1000 and larger T', the 5% size can approach or fall
below 1%. CSMS is the most conservative, with realized type I errors frequently near zero

for moderate to large T and m.

Increasing v from 0 to 0.15 makes RSMS more liberal, with type-1 error rates rising
appreciably above nominal. By contrast, SSMS becomes more conservative and frequently
under-rejects. While Shao—style self-normalization often delivers good size in fixed-sample
settings, SSMS combines it with the horizon weight ~; in our experiments, setting v = 0.15
makes SSMS increasingly conservative as either m or T" grows. For context, Chan et al.
(2021) set v = 0 and do not report results for v > 0. CSMS is comparatively insensitive
to 7, but its size is already too low at T' =5 and 7" = 10, indicating overly conservative
behavior regardless of v. Overall, RSMS provides the most reliable size control among the
three procedures, particularly for moderate or large training samples (m = 500, 1000) and

for the longer monitoring horizon (7" = 10).

Second, we evaluate empirical rejection rates under the alternative H;. Starting from the

null DGPs, we introduce a change-point at t* = m + k*. The training sample is fixed at
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Table 2: Simulated type I error rates for the RSMS (R), SSMS (S), and CSMS (C) for a

change in the mean (y = 0 and 0.15).

T=1 T=2 T=5 T=10

5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%

7=0

m=100 90 144 26 51 124 188 105 162 3.0 58 90 131 82 126 36 59 22 30 74 140 26 64 00 0.3

DGP1 m=500 43 73 15 25

S
o
©
=}

33 68 11 20 18 37 42 86 14 29 01 03 34 53 14 26 00 00

m=1000 39 62 15 32 33 59 3.1

ot
IS
e
9

20 19 33 29 78 20 37 01 03 28 51 09 24 00 00

m =100 10.8 16.0 28 44 119 181 114 169 3.0 6.2 80 129 109 167 40 63 17 3.0 101 155 28 56 02 0.3
DGP2 m=500 50 84 14 26 46 85 54 100 1.1 20 18 40 58 88 14 29 01 03 36 72 16 24 00 00

m=1000 44 70 15 32 30 54 47 80 07 20 20 34 42 71 20 38 01 03 38 68 09 23 00 00

m=100 109 163 25 49 11.8 178 112 174 29 63 79 127 105 161 39 58 1.7 30 107 152 29 58 01 03

DGP3 m=500 48 86 12 28 84 53 100 1.0 19 18 40 58 93 14 27 01 04 43 71 17 22 00 00

[
o

m=1000 4. 69 16 30 29 59 47 81 10 25 18 36 45 68 19 39 01 02 39 73 1.1 23 00 00

o

m=100 136 192 3.7 55 155 218 13.0 199 35 7.1 101 155 125 177 41 71 15 40 113 167 31 6.7 01 02
DGP4 m=500 68 11.0 20 40 65 114 66 122 1.3 25 24 53 61 108 1.7 30 01 04 42 79 15 27 00 00

m=1000 54 89 18 37 44 76 52 96 12 28 26 42 44 81 22 46 02 04 43 76 13 29 00 00

m=100 141 205 08 1.5 147 209 149 205 11 19 82 135 114 181 09 22 1.7 26 125 191 10 1.8 00 0.0
DGP1 m=500 6.6 11.8 01 08 65 103 64 120 02 09 17 35 77 115 03 08 01 03 61 114 04 1.0 0.0 0.0

m=1000 64 98 05 08 40 66 51 86 03 05 17 31 64 106 07 14 01 02 58 100 00 05 00 00

m=100 157 21.7 1.0 21 137 200 156 222 13 19 83 130 153 205 1.0 2:

3
=

23 146 214 11 22 00 03
DGP2 m=500 85 14.0 01 07 66 99 91 148 02 09 12 33 94 152 04 09 01 03 76 126 05 1.1 0.0 0.0

m=1000 71 117 05 08 37 66 75 119 03 05 17 32 63 114 07 13 01 02 68 126 00 0.7 00 00

m =100 16.0 21.6 0.8 15 141 199 159 225 13 20 78 120 148 201 1.2 24 11 22 141 206 1.2 27 01 03
DGP3 m=500 84 139 01 08 65 92 94 148 03 08 15 33 94 149 05 11 01 03 74 126 05 09 00 0.0

m=1000 7.0 115 0. 08 37 68 77 126 04 07 16 32 68 116 06 10 01 02 69 118 01 05 0.0 00

@

m =100 188 26.6 1.3 26 182 249 185 258 1.5 26 10.1 160 164 224 15 26 13 27 159 224 11 24 01 0.1

DGP4 m =500 113 176 03 11 8.

ot
@
=N
)
o
ot
=}
no
=}
Do
o
o
~
~
oo
—
e
w
=}
o
=}
V]
=}
w
0
=}
=
no
=}
=Y
=
=}
o
=}
)

m=1000 9.1 147 06 08 58 99 95 148 03 10 23 41 83 145 06 13 01 02 82 134 01 10 0.0 00
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m = 500 to balance size control and computational cost. The magnitude of the structural
shift is A € {0.25,0.50,0.75,1.00}. Given the deflated type I errors observed for CSMS at

longer horizons (Table 2), we focus on T € {1,2,5}.
We consider two forms of change:

(i) Abrupt change:

X, 1<t <t

Y, =
A+X;,, t"<t<m+mT.

(ii) Smooth change:
Xt, 1<t <t
Y, =
t

AXx —+ X;, t"<t<m+mT.

m +mT

Tables 3 and 4 summarize the results under H;. As expected, power increases with the
magnitude of the shift (A). Holding other factors fixed, abrupt changes deliver higher
power than smooth changes at the same A reflecting a stronger signal. Earlier breaks (e.g.,
k* = 50) are also easier to detect than later ones (e.g., k* = 200), as the monitoring scheme

has more post-break observations to accumulate evidence.

Extending the monitoring horizon T initially raises power by giving the statistic more
opportunity to capture the break. Beyond a point, however, this effect reverses: as
the window becomes long, noise accumulation dominates and the signal-to-noise ratio

deteriorates, reducing power—particularly for small or smooth changes.

Across a broad range of designs, RSMS attains the highest or near-highest rejection rates,
especially as A grows. SSMS generally trails RSMS, with more noticeable gaps for smaller
breaks or under more demanding DGPs (e.g., DGPs 2 and 3). CSMS exhibits mixed
behavior: it tends to be least powerful under DGPs 1, 2, and 4, but can outperform under

DGP 3.
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Introducing v = 0.15 typically boosts power for all three procedures, particularly for small-
to-moderate shifts and early horizons. For example, at k* = 50, T'= 1, and A = 0.25,
RSMS rises from 45.9% to 48.2%, SSMS from 40.0% to 42.5%, and CSMS from 40.5% to
42.6%. Larger shifts (A > 0.5) and T' = 2 show even greater gains. For longer horizons
(T = 5) and smooth changes, improvements are more muted and SSMS or CSMS may
experience slight declines relative to v = 0. Overall, v = 0.15 enhances sensitivity to abrupt

breaks, with the largest absolute gains for RSMS.

Table 3: Rejection rates (%) for detecting a mean shift using RSMS (R), SSMS (S), and
CSMS (C). Training size m = 500; break locations k* € {50,200}; v = 0. Results shown for

change types (i) abrupt and (ii) smooth.

k* =50 k" = 200

DGP1 DGP2 DGP3 DGP4 DGP1 DGP2 DGP3 DGP4

T A R S C R S C R S C R S C R S C R S C R S C R S C

Type i - abrupt change

T=1 025 459 400 405 351 219 124 128 11.8 594 370 369 338 201 189 190 183 92 67 63 63 291 185 186 19.0
T=1 05 976 919 921 844 730 49.7 50.0 429 994 924 925 856 719 602 60.0 50.1 374 229 231 192 830 572 56.7 482
T=1 075 100.0 99.9 999 990 936 824 82.6 744 100.0 100.0 99.9 99.5 97.2 916 91.8 838 720 488 486 41.6 992 918 916 844

T=1 1 100.0 100.0 100.0 100.0 98.2 949 95.0 90.7 100.0 100.0 100.0 100.0 99.9 991 99.2 97.0 905 73.6 734 63.0 100.0 996 99.6 97.9

T=2 025 541 460 461 396 325 187 18.6 161 66.7 41.5 419 355 370 326 326 286 21.1 125 123 109 476 287 292 249
T=2 05 994 969 969 924 86.6 66.5 66.8 584 100.0 97.7 97.8 924 95.7 893 894 812 740 515 51.6 432 987 874 87.7 79.0
T=2 075 100.0 100.0 100.0 99.8 984 90.8 90.4 86.2 100.0 100.0 100.0 100.0 100.0 99.5 994 988 952 823 821 75.0 100.0 99.9 99.9 99.1

T=2 1 100.0 100.0 100.0 100.0 99.9 98.0 98.0 958 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.0 942 94.2 91.2 100.0 100.0 100.0 100.0

T=5 025 364 326 324 254 439 265 269 223 49.1 250 250 194 302 262 265 207 385 223 231 186 40.6 198 199 162

T=5 05 986 943 942 87.7 91.0 77.0 77.1 694 100.0 953 952 87.6 97.3  90.6 90.6 829 87.7 723 722 636 99.9 912 908 80.3

T=5 075 100.0 100.0 100.0 99.7 99.4 955 958 92.1 100.0 100.0 100.0 100.0 100.0  99.9 999 994 991 93.7 93.6 89.5 100.0 100.0 100.0 99.8

T=5 1 100.0 100.0 100.0 100.0 99.9 99.6 99.6 98.7 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.9 99.1 99.1 97.7 100.0 100.0 100.0 100.0

Type ii - smooth change

T=1 025 266 238 246 220 121 80 80 7.7 368 232 233 227 147 150 149 144 6.7 54 49 54 214 146 149 162

T=1 05 842 715 719 621 491 318 31.8 267 914 712 709 613 52.6 445 448 376 263 146 148 126 662 409 408 36.5

T=1 075 99.7 964 964 918 830 60.1 59.8 51.2 100.0 972 97.1 926 90.3 785 79.2 694 56.7 36.8 37.1 31.1 949 786 786 683

T=1 1 1000 100.0 99.9 99.0 939 83.7 835 750 100.0 100.0 99.9 99.6 99.5 954 954 90.1 808 56.8 57.5 481 100.0 964 962 90.9

T=2 025 223 211 216 190 11.7 76 69 7.1 292 190 190 169 172 176 178 158 95 58 54 58 235 1562 152 140

T=2 05 834 714 712 613 546 333 333 274 911 675 671 565 73.3 616 61.5 51.3 447 265 26.5 21.8 83.7 56.1 56.1 46.4

T=2 075 994 970 970 920 86.7 664 66.5 57.7 100.0 97.7 97.6 91.7 97.7 933 934 865 804 575 574 494 996 933 929 847

T=2 1 1000 999 998 99.2 965 86.3 859 79.0 100.0 100.0 100.0 99.6 100.0 99.4 99.3 981 941 799 79.6 719 100.0 99.7 99.6 98.8

5 025 6.6 6.9 7.0 57 131 84 83 80 9.4 4.5 4.5 3.6 6.0 6.5 6.6 55 126 82 82 79 9.1 4.2 4.4 3.4

=5 05 530 441 437 336 549 332 336 268 664 354 356 26.0 50.0 42.0 41.7 321 531 314 323 262 634 330 332 244

=5 075 952 854 856 751 84.0 669 66.5 568 994 844 840 705 94.3 838 838 726 826 646 647 549 992 817 815 68.0

=5 1 99.9  99.0 99.0 957 96.3 86.2 85.3 79.0 100.0 994 994  96.5 99.9 987 986 952 96.0 850 844 77.8 100.0 99.1 99.0 958
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Table 4: Rejection rates (%) for detecting a mean shift using RSMS (R), SSMS (S), and
CSMS (C). Training size m = 500; break locations k* € {50,200}; v = 0.15. Results shown

for change types (i) abrupt and (ii) smooth.

k* =50 k* =200

DGP1 DGP2 DGP3 DGP4 DGP1 DGP2 DGP3 DGP4

T A R S C R S C R S C R S C R S C R S C R S C R S C

Type i - abrupt change

T=1 025 482 425 426 376 103 58 54 52 613 393 391 367 224 205 203 204 35 20 20 22 308 202 205 211
T=1 05 979 923 924 856 53.7 333 332 275 994 929 928 86.5 740 619 617 525 214 101 98 79 843 585 589 498
T=1 075 100.0 100.0 99.9 99.1 87.0 655 65.8 559 100.0 100.0 100.0 99.6 97.7 923 924 851 529 323 321 262 993 923 921 855
T=1 1 100.0 100.0 100.0 100.0 956 87.5 87.7 79.6 100.0 100.0 100.0 100.0 100.0  99.3 993 972 789 53.9 540 451 100.0 996 99.6 98.0
T=2 025 51.8 448 448 381 171 86 85 7.1 641 392 396 335 342 311 312 271 102 49 45 45 441 264 264 232
T=2 05 991 964 965 917 73.7 50.3 49.7 409 100.0 974 972 910 95.0 882 884 796 56.8 341 339 266 984 85.6 856 76.6
T=2 075 100.0 100.0 100.0 99.8 951 824 819 749 100.0 100.0 100.0 100.0 100.0 994 994 988 88.6 69.6 694 60.6 100.0 998 99.8 99.1
T=2 1 100.0 100.0 100.0 100.0 99.0 94.2 94.2 90.9 100.0 100.0 100.0 100.0 100.0  100.0 100.0 100.0 97.3 88.0 87.9 82.1 100.0 100.0 100.0 100.0
T=5 025 308 274 275 214 271 133 141 109 412 192 195 153 241 214 217 168 222 114 115 92 323 152 153 113
T=5 05 978 922 923 847 812 622 625 53.7 99.9 928 928 822 96.1 874 874 777 765 57.1 564 469 99.8 86.7 865 73.3
T=5 075 100.0 99.9 999 99.6 979 89.7 89.3 83.6 100.0 100.0 100.0 99.9 100.0  99.7  99.7 99.1 964 86.8 85.7 79.8 100.0 100.0 100.0 99.7
T=5 1 100.0 100.0 100.0 100.0 99.6 97.7 97.9 952 100.0 100.0 100.0 100.0 100.0  100.0 100.0 100.0 99.6 96.2 96.4 93.3 100.0 100.0 100.0 100.0
Type ii - smooth change

T=1 025 287 260 263 242 52 30 26 3.0 387 251 251 251 165 162 163 164 28 15 15 1.7 229 160 164 18.0
T=1 05 8.1 729 731 643 300 153 157 11.8 91.7 723 723 629 55.2 463 470 401 127 62 6.5 55 67.8 421 422 381
T=1 075 99.7 965 96.7 922 656 420 42.0 345 100.0 972 973 932 91.0 798 804 710 36.7 204 20.1 150 953 793 798 69.9
T=1 1 100.0 100.0 999 99.1 874 67.0 67.0 56.5 100.0 100.0 99.9 99.6 99.6 959 958 91.0 627 396 40.3 32.6 100.0 96.6 965 917
T=2 025 199 196 201 179 58 30 25 28 271 171 167 153 158 164 166 153 43 22 22 23 214 132 132 126
T=2 05 817 692 688 586 366 185 188 147 898 639 643 536 70.1 594 594 493 288 141 138 106 81.4 53.0 53.1 435
T=2 075 992 964 965 913 738 503 49.9 404 100.0 97.0 96.9 90.3 97.3 926 923 851 652 40.1 402 320 99.6 914 914 824
T=2 1 100.0 998 998 99.1 91.5 748 744 66.2 100.0 100.0 100.0 99.4 100.0 99.4 99.2 980 86.7 66.7 66.7 57.1 100.0 99.6 99.6 98.4
T=5 025 48 5.1 5.3 43 6.1 35 36 31 62 2.8 3.1 2.6 4.5 48 4.9 39 56 33 32 29 56 2.6 3.0 2.5

T=5 05 447 372 375 274 373 188 189 143 582 281 278 202 421 351 350 259 352 175 179 13.6 547 259 256 185
T=5 075 931 8L7 817 69.7 720 491 495 399 988 780 77.8 63.7 91.8 791 798 67.1 704 472 475 379 978 75.0 747 60.1
T=5 1 99.8 982 981 943 89.6 748 744 66.0 100.0 99.0 98.8 949 99.6 978 97.7 931 88.6 732 726 64.0 100.0 983 985 932
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While power measures a scheme’s ability to detect a change by the end of the monitoring
window, the ARL captures the expected detection delay—i.e., the average number of
observations until a change is flagged. In many real-time settings (operational risk, systems
monitoring), minimizing delay is more critical than maximizing end-of-period power. For
example, timely detection of shifts in inflation lets central banks adjust policy proactively;
early identification of structural changes in asset volatility enables risk managers to adapt
exposures; and rapid detection of deviations in pollution or temperature can mitigate health
and ecological risks. We therefore assess ARL performance for all three schemes; see Figure 1.
Because ARL is most relevant in dynamic environments—where changes are anticipated
and prompt detection averts adverse outcomes—we focus on 7' = 1 in the simulations. We
report results for Type (i) (abrupt changes) only; Type (ii) (smooth changes) exhibits the
same qualitative pattern with uniformly longer ARLs, reflecting the greater difficulty of

detecting gradual shifts.

k*=50,DGP =1 k* =50, DGP =2 k* =50, DGP =3 k* =50, DGP =4

(a) DGP1 (b) DGP2 (c) DGP3 (d) DGP4

k* =200, DGP =2 k* =200, DGP =4

500 500

(e) DGP1 (f) DGP2 (g) DGP3 (h) DGP4

Figure 1: ARL for detecting a mean shift using RSMS, SSMS, and CSMS. Results shown
for T'=1 under the Type (i) (abrupt) alternative, with break locations k* = 50 (top row)
and k* = 200 (bottom row). For each method, solid lines correspond to v = 0 and dashed

lines to v = 0.15.
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The simulation results exhibit several clear patterns. First, ARL decreases as A increases,
indicating faster detection for larger shifts. For CSMS and RSMS across all DGPs, setting
~v = 0.15 further reduces ARL, consistent with greater emphasis on early signals. By
contrast, v = 0.15 increases ARL for SSMS, which may explain why Chan et al. (2021) do

not introduce this tuning parameter.

Second, among the three schemes, CSMS attains the shortest ARLs under DGP1, whereas
RSMS delivers shorter ARLs for DGPs 2-4, suggesting superior detection efficiency in more
challenging environments. SSMS consistently exhibits the longest ARLs, reflecting slower

detection regardless of the DGP.

Overall, RSMS combines reliable size control with strong detection performance across a
wide range of designs. This balance supports both the credibility of alarms and timely
responsiveness, making RSMS especially suitable for high-stakes settings in which false

alarms or delayed responses are costly.

5 Empirical Analysis

We examine the dynamics of the USD/GBP exchange rate around major events in 2016,
2020, and 2022, with particular focus on the 2016 EU referendum and the onset of COVID-19.
Data are sourced from REFINITIV EIKON and consist of 5-minute intraday USD/GBP
quotes for 2016. To improve numerical stability—given the small scale of exchange-rate
movements in basis points (0.0001)—observations are rescaled by a factor of 100 prior to
analysis. Intraday timestamps are standardized to the unit interval [0, 1], and daily curves
are obtained by smoothing with cubic B-spline bases. The number of basis functions is
set to min{21, 0.8 x (minimum number of intraday observations across all trading days)}.

The final sample comprises 312 valid daily curves for both 2019 and 2020.
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For subsequent inference, we employ functional principal component analysis (FPCA) to
extract dominant modes of variation from the smoothed curves, enabling online detection of
structural change in a functional time-series setting. This approach provides a natural bridge
from functional data to time-series monitoring via FPCA scores; see, e.g., Sun et al. (2025)
for an adjusted-range-based self-normalized KS test for functional time series. Principal
component scores for the testing sample are computed by projecting each testing-day curve
onto the eigenfunctions estimated from the training sample, ensuring alignment between

the training and monitoring phases.

Figure 2a depicts the daily USD/GBP series in 2016 and shows a sharp, persistent depreci-
ation immediately following the Brexit referendum, consistent with acute market stress and
sustained uncertainty. Figure 2b presents the 2020 series, with a marked decline around 17
March 2020 coinciding with the initial rollout of social-distancing policies and heightened

pandemic-driven uncertainty—highlighting market sensitivity to large macro shocks.

GBP/USD Exchange Rate in 2016 GBP/USD Exchange Rate in 2020

S
@
8

Average Exchange Rate
&

@

(a) 2016 Brexit referendum; dashed line marks  (b) 2020 COVID-19 shock; dashed line marks

23 June 2016. 17 March 2020.

Figure 2: Daily USD/GBP exchange rate in 2016 and 2020 (5-minute quotes aggregated to

daily means). Dashed lines indicate event dates.

We apply RSMS, SSMS, and CSMS to the USD/GBP data for 2016 and 2020, varying the

initial window size (m), monitoring horizon (7"), and sensitivity parameter (7).
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For 2016, Table 5 reports, for configurations yielding rejections only, the test statistic, the
rejection decision, and the calendar date of the first detected break. The (m,T') choices
ensure the post-referendum period lies within the monitoring window while respecting
the sample of 312 trading days. Overall, RSMS delivers earlier detection—especially for
larger T—and, when Hj is rejected, typically identifies the break before SSMS and often
before CSMS. For example, under (m = 50, T = 5, v = 0.00), RSMS flags a break on
July 12, 2016, whereas CSMS and SSMS signal on July 15, 2016 and August 16, 2016,
respectively. Likewise, for (m = 75, T = 2, v = 0.15), RSMS detects on July 22, 2016,

essentially in line with CSMS (July 21, 2016) and clearly ahead of SSMS (September 1, 2016).

Second, Table 6 summarizes RSMS, SSMS, and CSMS results for structural breaks in the
USD/GBP rate during 2019. From January 1 to March 17 there are 55 trading days; we
therefore set m = 50. At (m =50, T =5, v = 0.00), RSMS signals a break on August 5,

closely matching CSMS (August 4), while SSMS triggers later on October 10.

Setting v = 0.15 does not improve early detection; it either delays detection or prevents
rejection altogether. For example, RSMS does not signal for 7' = 1 under v = 0.15. Notably,
SSMS fails to detect any change when m = 50 and T' = 1 for both v values, and also fails
under m = 5 with v = 0.15. This pattern likely reflects the limitations of SSMS when the
training window is short and may be contaminated by mild early-pandemic shifts, which

inflate the self-normalizer and hinder detection.

In sum, RSMS exhibits consistently earlier detection across configurations, implying shorter
ARLs when a true break occurs. These empirical results align with the simulation evidence
and underscore the responsiveness and robustness of RSMS in dynamic settings (e.g.,

post-Brexit and COVID-19), making it a practical choice for timely anomaly detection.

Regarding the sensitivity parameter, v = 0.15 does not improve detection overall. In the

empirical analysis it advances detection only for CSMS, and in the simulations it benefits
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Table 5: USD/GBP (2016): first detected break dates for RSMS (R), SSMS (S), and CSMS
(©)

m T o' Scheme  Statistic ~ Date of first detection

50 5 0.00 R 213.92 07-12-2016
50 5 0.00 S 459.22 08-16-2016
50 5 0.00 C 186.74 07-15-2016
50 5 0.15 R 225.94 07-26-2016
50 5 0.15 S 459.22 09-20-2016
50 5 0.15 C 197.23 08-01-2016
75 2 0.00 R 41.83 07-18-2016
75 2 0.00 S 132.23 08-10-2016
75 2 0.00 C 57.21 07-17-2016
75 2 015 R 47.24 07-22-2016
75 2 0.15 S 132.23 09-01-2016
75 2 015 C 64.61 07-21-2016
100 1 0.00 R 22.28 07-17-2016
100 1 0.00 S 133.54 07-27-2016
100 1 0.00 C 39.88 07-14-2016
100 1 0.15 R 27.43 07-18-2016
100 1 0.15 S 133.54 08-08-2016
100 1 0.15 C 49.10 07-15-2016
100 2 0.00 R 188.70 07-19-2016
100 2 0.00 S 1131.14 07-31-2016
100 2 0.00 C 337.83 07-15-2016
100 2 0.15 R 213.11 07-22-2016
100 2 0.15 S 1131.14 08-14-2016
100 2 0.15 C 381.53 07-19-2016

Notes: Entries are shown only for configurations that reject Hy. “Scheme” abbreviations: R = RSMS, S =

SSMS, C = CSMS. Dates are in month—day—year format.
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Table 6: USD/GBP (2019): first detected break dates for RSMS (R), SSMS (S), and CSMS

(©)

m T ¥ Scheme  Statistic  Date of first detection

50 1 0.00 R 2.38 04-04-2019
50 1 0.00 C 3.09 04-02-2019
50 1 0.15 C 3.92 04-15-2019
50 5 0.00 R 21.48 08-05-2019
50 5 0.00 S 56.59 10-10-2019
50 5 0.00 C 27.88 08-04-2019
50 5 0.15 R 23.00 08-27-2019
50 5 0.15 C 29.86 08-23-2019

Notes: Entries shown only for configurations that reject
Hjy. Scheme abbreviations: R = RSMS, S = SSMS, C =

CSMS. Dates are month—day—year.

RSMS and CSMS but has negligible or slightly adverse effects for SSMS. Thus, while ~ is

intended to tune sensitivity, its effectiveness is scheme- and context-dependent.

6 Conclusion

In this paper, we develop RSMS—an online change—point detector built on the CUSUM
framework with adjusted-range self-normalization (Hong, Linton, McCabe, Sun & Wang
2024, Hong et al. 2025). RSMS avoids LRV estimation and tuning choices (e.g., HAC
bandwidths/kernels or block lengths). It achieves correct size under the null and consistency
under the alternative. Relative to KS—type self-normalization (Shao 2010), the adjusted
range yields a tuning—free implementation that is more robust to mild contamination in the
training window. We also derive finite- and open—horizon asymptotics with ready-to—use

critical values cg(c, d, T') and provide practical guidance on a simple early—detection weight
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7, clarifying when modest v > 0 improves timeliness without reintroducing LRV estimation.

Simulations across diverse DGPs and break types in both the main text and the appendices
show that RSMS outperforms the self-normalized scheme of Chan et al. (2021) (based on
Shao (2010)) and the standard CUSUM-based approach (Horvath et al. 2022), delivering
higher power and shorter ARLs. Notably, Appendix A.5 demonstrates that RSMS remains
power-stable and continues to reduce ARLs even when the training sample is contaminated—
a situation that is difficult to avoid in practice because type II errors and rolling re-estimation

naturally push recent (potentially shifted) observations into the training window.

An empirical application to functional USD/GBP series around the 2016 EU referendum
and the COVID-19 period confirms timely alarms for major breaks, with RSMS often

detecting earlier than SSMS and, in some cases, achieving the shortest ARL.

Future work includes extending RSMS to additional domains (e.g., climate or social-media
analytics) and exploring integrations with deep learning to improve adaptability and

real-time efficiency (Hong, Linton, Sun & Zhu 2024).
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A.1 The CSMS and SSMS

We first detail the CSMS, which standardizes the statistic using a LRV estimator, following
Horvath et al. (2022). In this paper, bandwidth selection for the LRV is implemented
via Silverman’s rule of thumb, which performs better in our applications than the default
settings in Horvath et al. (2022). More broadly, alternative tuning choices (bandwidths,
kernels) can yield materially different outcomes, underscoring the drawbacks of LRV-based

normalization.

The CSMS statistic is

0
M, (k) = o (14 2 () :
where
—~ m—1 / ~
Lo (0m) = z:—(m_l)K h) o
Fm = e D (S ¥ (X5:0n)) (Sjea v (Xj7§m))/, if0<l<m,

T S (S (X,0)) (S v (X5.0,)) . i —m< <0,
The stopping time is defined by

o min {k’ MY (k) >co, 1<k < mT} , if such k exists;
T =

m

mT + 1, if M (k) < cc forall 1 <k <mT.

Table A.1 reports simulated asymptotic decision boundaries; Monte Carlo settings match

those used for Table 1.
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Table A.1: Simulated asymptotic critical values for the CSMS under various horizons

(T'=1,2,5,10) and sensitivity parameters (7 = 0 or 0.15).

d\a 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%

1 25 19 32 25 41 32 45 35 33 25 40 31 46 35 49 38
2 39 31 62 49 126 101 235 189 54 44 86 69 179 143 33.6 26.7
3 47 39 76 63 160 13.1 294 243 6.5 55 105 86 222 182 41.1 334
4 56 48 91 76 189 159 349 292 77 6.5 125 106 256 21.6 488 404

5 66 56 103 88 212 182 400 339 89 75 141 119 293 248 55.6 46.7

Second, the SSMS replaces the LRV estimator with the self-normalizer

m t t !
D, (7,) - n;z{(z¢<xj,am)) (zw(xj,am>)} (A1)
t=1 J=1 j=1
and defines the statistic
S (1) — Sun(k,0) Dy (61) " Su(k.6,0) o)
§ m (1) (k) |
m) \k+
The stopping time is
IS min {k tMS (k) >cs, 1<k < mT} , if such k exists;
: mT + 1, if M3 (k) < cg forall 1 <k <mT.

Table A.2 reports simulated asymptotic decision boundaries; Monte Carlo settings match

those used in Tables 1 and A.1.

Since the CSMS and SSMS stopping rules mirror the structure of Algorithm 1, we omit

them for brevity.
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Table A.2: Simulated asymptotic critical values for the SSMS under monitoring horizons

T € {1,2,5,10} and sensitivity parameters v € {0,0.15}.

v=0 v=0.15

T=1 T=2 T=5 T =10 T=1 T=2 T=5 T =10

d\a 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%

1 34 22.8 441 30 55.5 381 59 40.8 436 30.7 53.1 36 609 426 678 474
2 68.7 504 933 682 1134 843 1268 931 8.7 675 111 835 1287 96.8 140.5 1034
3 1084 837 1534 115 184.7 140.5 206.1 1559 143.9 112.3 1859 140.5 204.8 1582 219.6 171.1

2104 293.8 229.3 2179 1717 259.3 207.9 297.3 234.7 319.5 2523

t
t

4 165 1279 219.2 171.3 26
5 2185 175 2844 2269 3634 287.1 3943 319.1 290 230.4 3459 273.6 404.5 3174 425.7 336.7

A.2 Proof of the Main Results

A.2.1 Proof of Theorem 1(a)

For brevity, write 1;(0) = ¢(X;,0) and ¢7(0) = ¢(X},0). Let || - || denote the max norm,

ie., for x = (11,...,24) € R ||z| = maXie(1,...a} | il

Under the conditions of Theorem 1 and by the continuous mapping theorem, it suffices to

show
S,_4§m_3._4(9—i’.”_-9
sup J=1 %( ) ( = ¢13/2( o)~ m 2t ¥ 0)) = 0. (A.3)

1<s<m m
Consider

S0 0) = (S0 (02). S50 (0) . S0 )

j=1 j=1 J=1 J=1
and apply the mean value theorem coordinate-wise. For each ¢ = 1,...,d and all s =
1,...,m,

St Ui (Om) — [zizl Wi (00) + 31 s (Oss) (B — o) }

mi/2

—0, (A.4)

where 0% _ lies on the line segment between 0, and 6.
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By Theorem 1 and a uniform law of large numbers (ULLN), for all i =1,...,d,

(S50 95 Bni) = SE{15:(00)}] (B — 0)

sup

1<s<m m1/2
< sup {ijl V5ilOmsi) {%'(90)}] Vit (. — 60)
1<s<m m

v (- 0)] s

1<s<m m

S 0 (0h) — s B 9i<90>}‘

S U(O) — s E{04(600))

m

LN

= |Op(1)| sup

1<s<m

Applying the mean value theorem coordinate-wise for : = 1,...,d with s =m

‘z;;mjxém)—[mlwﬂ( 0) + Xy Wi (i) (O —eoﬂ‘

m

=0,

where 0%, - € (O, 0,), and > L 0;i(6) = 0 by definition. By the ULLN and positive

definiteness of E{¢}(6)}, solving the linear system yields

m

B{5 (00} (1 + 0,(1) B — 80) = —=- 3 1y (60)

Hence,

1

=0y = |~ B0} S i) | 1+ 0,(0). (A6)

Combining (A.4), (A.5), and (A.6), we obtain

2 =1 ¥ (gm) - (Z§=1 Yi(00) — 530 %(90)) + 0,(1) (% >y %‘(90)) )
e 1/2 0.
1<s<m m
(A.7)
Since
% Zm=1 ¢j<00) 1 1/’] 90)
égm W B 1<s<m ]T = 0,(1),

(A.7) implies (A.3).

Under Assumptions 1-2, for any r € (0, 1],

S ¢5(0m) o

\/m = 5,2 (Ba(r) — rBa(1)),
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and by the continuous mapping theorem,

S 5 (Om) e 4 (6m)

max —_— — min

1<[mr]<m \/m 1<mr]<m \/m
%} 211/)/2[ Sup (]Bd(’[") — TBd(l)) — lnf <Bd('f‘> - rBd(l))] .

r€(0,1] re(0,1]

Hence,

A.2.2 Proof of Theorem 1(b)

For T' < oo, proceeding as in the proof of Theorem 1(a) and applying the mean value

theorem coordinate-wise (for each i =1,...,dand k =1,...,mT),

—0, (AS8)

Sk i (Om) — [ 5i(00) + I 0 (0e) (B — B0))]
m2 (14 2) ()

where 0% . € (O, 05).

By the conditions of Theorem 1 and the ULLN, for all i =1,...,d,

[k () — K E{0:(60)}] (O — 6o)
m2 (14 (5f5)
Stk (0) — KE{(00)} ~
[ (m+ k) (Hmy ] Vin(tn =)
Sk (0) — kE{w;iwo)}‘
(m+k) (7))
Stk () — R B{(60)}
(m+k) ()"

Combining (A.6), (A.8), and (A.9), it follows that

SR (Om) — (S 5(00) — £ 20, Li(00)) + 0p(1) (£ 20 465(00))

(1 8) ()

(A.9)

= ’\/ﬁ(é’m - 90)’ sup

1<k<mT

= [0p(1)] sup

1<k<mT

|i>0.

sup
1<k<mT

Him.
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Since

Ly ;(6) B BT v (00) |
su || = sup r —— | = 0,(1),
1<k<mT || ml/2 (1 4 %) (Him) 1<k<mt |1+ - m
it follows that
wp || (0n) = (S350 000) = 555 L) | A10)
1<k<mT ml/2 (1 + E) (,Him)7 ' '
To prove Theorem 1(b), by (A.10) it suffices to establish the weak limit
s Co(k,0) Ron (B) 2 Ca (i, B, 2 Bf (u) R~ B (u)
27 ’
1<k<oco ( ) (k+m> 0<u<l (%

where C,(k,0,,) = Z;" 1 @/{,( m) — %Z}”:l ¢j(§m) and Bf(-) is a standard Brownian

motion independent of R.

Following the structure of Lemma A.5 in Horvéth et al. (2022), for some ¢ > 0 define two

independent Wiener processes {B,,,1(k) : 0 <k <m} and {B,,2(k) : 0 < k < oco}. Then

1 1/2
su (0o) Bn1(m
1<k£oo o, ) (Z% 0) a( ))|
= 0,(m'*7%) sup km o (m™°) sup : =op(1)
P 1<k<oo g(m7 k) 3 U<z<oo (1 + ZL‘) (H—ac)’y o
where g(m, k) — m1/2(1 X %) (k%m)v and z = k/m.
Similarly,
ap S ) - BB,
1§k£oo g(m, k) j=m+1 i) "
]{j%f(s 5 1/2—5
=0,(1) sup = O0p(m™") sup = op(1).
p( >1§kz<oo g(mv k) p( >O<I<OO (1—}—.2?) (1-&-90)“/ p( )
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(S4B rna(k) — £5Y2B,..(m) [SREY)] (S Bua(k) - £5YB,1(m))

1<k<o0 m(1+%)2(k+im)2'y
- (Buna(k) = LBy (m)) R (Bra(k) — £Byy1(m))
= sup N2 o \TY
pehee m(1+5) (45)
- (By(2) — 2 By(1)) R (Bo(z) — 2 By (1))
1/m<z<oco (1+ZL‘)2 (zLH)QV
- (By(2) — 2By (1)) R—l(IB%2gf) —xIB%l(l))’
0<z <00 (1+ )2 (a:f—1)

where B; and B, are independent Brownian motions. As shown by Chu et al. (1996) (see

also Horvath et al. (2004)),

{By(z) —xBy(1): 0< 2 < 0o} = {(1+:c)IB%T( ) 0<x<oo}

Therefore,
/
(Bs(2) — 2 By(1)) R7 (Ba(z) — xBi(1)) B (u)R1B (u)
sup 2 = sup % .
0<z<oo (1 + iL‘) (zf—l) 0<u<l Uu

In summary, by (A.10),

Sk, 0n) R (0n) 2 Sk, 0n) D Bi (u) R Bl (u)
sup 2 2 = sup 2 ’
1<k<oo m (1 + %) (HL”) 0<u<1 u
where Sy, (k, 0) = S 4(6,). O

A.2.3 Proof of Theorem 1(c)

For T' = oo, by arguments analogous to those above,
Sw e 5 (0m) = (S7oma v5(00) — £ 7 45(60))
{1+ £) ()

P,

sup
1<k<oo

Thus, it suffices to show that

ST Vi (0o) — w327 45(6o)
T EnEa)

D
= sup

0<z<oo

sup
1<k<oo

Eﬂm%ma—xﬁmnw
(1+x) (‘PKJA)7

AT



It is therefore enough to verify

m-l-k . 9
sup ijJerj( (jc) = 250 (A.11)
mrsi<oe | m2(1+ 1) (ch7)
and
3% [Bo(x) — 2By (1
sup Ba(@) —2Bi (D]} o, (A.12)
T<z<oo (1 + gp) (I-‘rl)
Hence, it suffices to verify
m+k: 9
sup 2j=m1 %(13) S| -0 (A.13)
and )
2B — B (1
sup v [Ba(w) ~ 17( W 2,0, (A.14)
T<z<oo (1 + I’) (£+1)

For (A.13), under the additional p-mixing conditions, a p-mixing Héjek—Rényi inequality
applies (see Theorem 1(c) of Chan et al. (2021)). Thus, for some constant c*, each

1=1,2,...,d, and any € > 0,

Sk 1i(6o)

(14 £) (25

™M

P| max
mI<k<n j=met [m (14 T) =T

x [ m4+mT
> E) < % Z Var(1,;:(6p)) )
(A.15)
6)

0

) |

4 z": Var( %((

j=m+mT+1 [m 2 (

where v € [0,1/2).

Next, taking limy_, ., limsup,, . lim,,_,., on both sides of (A.15), for any ¢ > 0 we obtain

26) =0,

Z?@:—tﬁ+1 % (90>

mi (14 3) (ef)’

T—00 m—oo M0 mT<k<n

lim limsup lim P ( sup

which yields (A.13).
For (A.14), the law of the iterated logarithm implies

27 [Ba(z) —2Bi(1)]]|  as.
sup -
T<z<oo (1+z) <$+1> T—o00
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and hence (A.14) holds. Consequently,

lim P(T < oo | Hy)

0<z<00 (1 + ZL’) (x+1>

Note that R is a functional of Brownian motion. By the independent-increments property,

{By(z) — 2B1(1) }2c(0,00) is independent of R. Therefore,

P( o [Bal@) = aBi (D) R [Ba(a) ~ 2 Ba(1)] )

0<aw<oo (1+ x)? (x+1)27
P( sup [<1+I)B(1+E>YR {(1;:‘%)B<1+93)} >c)
0<z<oo <1+$) (Iil)
= P< sup BT(U)lRQ_lBT(u) > c) ,
0<u<l u=y
which proves Theorem 1(c). O

A.2.4 Proof of Theorem 2

By Assumptions 7 and 8 and the ULLN,

1 m+mT

m+mT —t*+ 1 > Y (0 ) E@’;(QO))*%(U-

t=t*

Hence, for any coordinate i = 1,2, ...,d with E( ;fi(ﬁo)) £ 0,
Sim (m Té)
m(1 %) )
) -1 m+mT
SR R SIS RRS SRETCH)

t=m+1 t=t*
-0, + Zﬁf;)t;l (E(v00) + 1)

= Op(vm).
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Consequently,

1§Sklg7)nT m(1 %)2(16%027
~ ! ~
S (M, 0, S S (M, 0,,)
= m%(l_i_mT)l_'Y(m?T)’Y Rm(em) m%(1+%)1_7<%>7 — 00,
as m — oo. It follows that
Tim P(TE <mT | Hy)
~ / ~ -2 ~
= lim P| sup S (k7 Qm) B (H;n) Sr;/(h 9m) >c|Hi | — 1.
m=00 |\ y<p<mr m(1 + %) (k—&-im)
The same reasoning applies to the open-end procedure. 0

A.3 RSMS for M-Estimators

This appendix develops the RSMS framework for M-estimators. Here “M” denotes
“maximum-likelihood—type.” M-estimators optimize a general sample objective, extending
likelihood maximization to broader criteria and enabling robust procedures tailored to the
data. Our development mirrors the functional approach in Section 2 and delivers a general

asymptotic theory under standard regularity conditions.

The assumptions in Section 2 carry over to the M-estimation setting. We consider solutions

to the first-order conditions
m—+k

> W(Xe,0) =0, (A.16)

t=m+1

where (X, 0) is the score (estimating) function. Equation (A.16) is evaluated on the moni-
toring sample { X, 11, ..., X;nix} using 0,, obtained from the training sample {X7,..., X, }.
Since an M-estimator maximizes or minimizes a criterion function, the maximum likelihood

estimator is a special case in which ¥ (X, #) is the derivative of the log-likelihood.
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Remark A.1. The function ¢(-) encompasses approximately linear statistics as special
cases. For d =1, to monitor a mean, set V(Xy, fiy) = Xy — [im; to monitor a variance, set
(X4, 02) = %(Xt — Hmi1mak)? — 02, where [, and 62, are training-sample estimates

m’

and fipm41m+k 15 the mean of { Xy, .., Xtk }-

Consider the process {X; }iez:

g(e, e1-1,...), fort<m+k*,

h(es,€4-1,...), fort>m+k*
where ¢(-) and h(-) exhibit temporal decay, m + k* is the change point, and {e;}cz are
i.i.d. on a measurable space S. The mappings ¢, h : SN — R? describe pre- and post-change
dynamics. Under Hy : g = h, the series is stationary; under H; : g # h, the series forms a

triangular array.

To quantify temporal dependence, we employ physical dependence measures (Wu 2005,

Dette & Gosmann 2020). Let €, be an independent copy of €y and define

) , a1\ /4
pig = |E ‘g(st,at,l,...) —g(st,st,l,...,51,50,5,1,...)‘ , (A.18)
@) , a1\ /e
piqg = | E ’h(at,gt_l,...) —h(é?t,€t_1,...,81,60,8_1,...)‘ . (A.19)
Assume pi’lq) = O(¢") and pg?q) = O((¢") for some ¢ € (0,1). Define the cumulative measures
0 = plg. (=12 (A.20)
t=1

Using the IF defined in Section 2, a Taylor approximation under standard regularity

conditions yields

IF (0,v") = M~ /¢ (X,:0) vi(dX,), (A.21)

where

M= / b(x, 0Nz, ) FI(dX), (A.22)
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and \(z,0) = % log f4(z,0) with f¢ the joint likelihood of X; € R? under parameter 6.

d

Because {X,} are observed at integer times, v* is approximated by a functional of Dirac

o . . . - od 1 n
measures and the empirical distribution is Fj, = - 37", dx,, so

n

IF (9, vd) _ it S (X3 6).

ni4

We next state sufficient conditions to apply the general theory in Section 3 to M-estimators
based on 1(X;,0). Assumption 1 holds if {X;} is stationary and an invariance principle

holds, i.e., for r € [0,1 + T,
1 [mr]

Z IF (X,, 00) = VE(Ba(r) — rBa(1)),
T 2
with 3 = M~'3,M~! the LRV of the M-estimator. Using
IF(Xt, 90) == Mﬁllp(Xh 90),

we obtain

[mr]

Z »( Xy, 6) SEN \/ 2 ( —rBy( 1))
Here 3, = Var(w(Xt,QOD =y E[w(Xt,eo)w(XHk,eo)], as in Wu (2005) under
O < co. With a change point, stationarity holds piecewise if @((12) < 00, and weak

q

convergence remains valid provided h = g + n with n # 0.
A higher-order remainder Re arises from the Taylor expansion:
G((1—2)Fitev?) = G(F%) +e / IF (2, 0p) v} (dX)+ / / - da (23 0) vI(dX) vi(dX")+o(c2),
(A.23)
with remainder
Re = B // Gvda - (z,2';0) vi(dx) vi(dx).

4 is a Dirac measure at the sample points X;, i.e., v¥(dz) =

Since v

Z{:i dx,(dx), the

j—it1
double integral becomes

j_ g 092G
/. d d / ]
// 8vd8vd (a5 OV VAT ) = =1 tZZZ Gydgyd it Xei0).
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Thus
. g2 1 2. %G
Re,,= — — —— (X4, X3 0)
€T (j—z'+1)2zzavdavd<t v;9)

t=1i t'=q

and

(j =i+ 1) Rey; = Ofn''?),

provided g2 = op(n_l/ 2). Hence the higher-order term satisfies the same order requirement

as in Assumption 2.

The validity of this condition depends on the dependence in {X;} via g and h in (A.17).
For M-estimators, sufficient conditions can be phrased in terms of moments and dependence

of (X4, 00).

Theorem A.1. Assume (A.17) holds with bounded g and h; Assumptions 3-6 hold under
Hy, and Assumptions 7-8 hold under Hy. Suppose the covariance matrices I'(g) and I'(h)

are positive definite.

(a) Under Hy : g = h, the assumptions of Theorem 1 are satisfied, and the RSMS statistic

MZE (k) attains the nominal asymptotic size c.
(b) Under Hy : g # h, the assumptions of Theorem 2 are satisfied, and ME (k) is consistent.

Proof of Theorem A.1. For part (a), we first show >2;°; p, < 0o, where

1/q

pra = (B[00 0) = w(x10)7])

with X; = g(es, €4-1,...) and X| = g(er, €41, .. .,€(,€1, ... ), the latter obtained by re-
placing £y with an independent copy ;. The term p;, gauges the impact on (X, ) of

perturbing o and thus measures temporal dependence.

By Assumption 6, ¢ is Lipschitz, so

(X4, 0) = (X, 0)] < Lyl Xy — X
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Taking gth moments,
B[l (X0, 0) — v(X;,0)17] < L B[ X, — X7]1].,

hence

1/q
prq < Ly(E[1X: — X{|17) .

From (A.17) and temporal decay of g,

/ /
Xt - Xt = g(gtagt—b . ) - g(gtagt—la <€, E0, 815 -

and thus

1X: = Xl < C¢'lleo — 0l

for some C' > 0 and ¢ € (0,1). Therefore,

£ / 14

pra < Lu(E[C7¢ o - <417 )

By independence and finiteness of E||g¢]|,
Elleo — &oll* < 27Elleo]|”,
SO
1/q

pra < LyCC (29Blleo]?) ™ < K('

with K = L,C(29E||go[|9)"/?. Summing over ¢,

S <KS =K <.
= = ¢

By Theorem 3 in Wu (2005), the weak convergence

Lmr ]

\/1% > 00 0) L /S0 (Bulr) — (1)

holds in ([0, T + 1]) as m — 0.
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For the remainder in (A.23), write

Re = — 5 // 8vd(5 —(, 7", 0) v¥(dz) v¥(dz') + o(?).

On [, j], the empirical distribution is

1 J
Fd—7§:5
i,j ]—Z+1 Xt»
SO
Fé — F? ! }jj(é F)
g Jj—i+ 1 X

Expanding G(-),

_ 1
GF)=GF)+ — ZIF (X, F%) + Re;,
j—1i4+1 i
with
Rei; = / / — W (2, 2/;0) (FL, — F9)(dz) (B, — F9)(da’) + 0p(n'/2).
Equivalently,

1 Jj 7

Rey, = 5 | / . a (0 0) - G 0 YO~ ) () (5, — F) ()

t=1t t'=i

If sup, . [0°G/(OvIOv?)(x, 2’ 9)’ < C, then

¢ ZZ\ Jx, — FY)(dzx) (6x, — FI)(da")|.

IRe;;| < GTiT
J (J—i+1)2 =i

Since Var( 1_(6x, — Fd)) x (j — 1+ 1), it follows that
Re;; = Op((j — i+ 1)_1), so (j —i+1)|Rey | = o,(n'’/?).
Thus,

sup (j —i+ 1) |Req ;| = 0,(n'/?),
1<i<j<n

under boundedness of 9*G/(9v?9v?) and sufficiently weak dependence of X;.
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For part (b), the consistency of ME (k) follows from the joint weak convergence of the pre-
and post-change IF processes under the alternative, the existence of a structural change
point, and the positive definiteness of the long-run covariance matrices. These conditions
satisfy Assumption 8, ensuring that the regularity conditions of Theorem 1(b) hold, from

which the consistency result follows. 0

A.4 Online Change-Point Detection of Both Condi-

tional Mean and Variance Using the PAR Model

The PAR(1) process is a count-valued process {X;} with X; € Z. evolving via
Xt = OéXt_l + Et, Ep ~ POIS(A)

The operator “o” denotes binomial thinning, a discrete-time mechanism introduced by
Al-Osh & Alzaid (1987) for modeling count time series. Conditional on X; 1, binomial

thinning is defined by
Xi—1
aoX;_ = Z Z;, Z; ~ Bernoulli(«) independently.
i=1
The parameter vector § = (v, \) governs the dynamics: « € [0, 1) is the thinning parameter

controlling temporal dependence, and A > 0 is the Poisson innovation rate determining the

arrival intensity of the independent innovations &;.

The choice of the PAR(1) model is motivated by three considerations. First, its marginal
distribution is Poisson with equal mean and variance, permitting simultaneous monitoring
of changes in both parameters. Second, whereas online change-point detection in linear time
series often uses forecast errors, the PAR model typically calls for maximum likelihood (ML)

estimation; this yields score functions that naturally underpin CUSUM constructions and
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align with our asymptotic framework. Third, the growing demand for robust count-data
models—especially since the COVID-19 pandemic—underscores the practical relevance of
PAR(1). Unlike linear AR models, PAR preserves key distributional features of counts

(non-negativity and discreteness), providing a coherent probabilistic basis for analysis.

Given a count series {X;}{",, the conditional (on the initial observation) log-likelihood is

Ha, ) =Y log P(X, | Xi1),

t=2
where
XiNXi_1 A\ X¢—1
thl ; X, 1—4 € At
P(X,| X,q) = E "1 — L N
(Xe | Xi) 2 ( i )O‘( a) (X, — i)

The score vector is

0 0

W(X,,0) = ((aal(a, N, a)\l(&,)\)>/.

The null hypothesis is Hy : 6 is constant; the alternative is Hy: H is false. We estimate the
PAR(1) model by maximum likelihood on the training sample to obtain 0,,. The resulting
score functions, evaluated using 6,, for both training and testing samples, are then used to

construct the RSMS, SSMS, and CSMS.

We first examine type I error for the PAR(1) design (Table A.3). For v = 0 with m = 100,
CSMS and RSMS are closest to nominal at small 7: at T'= 1, CSMS yields 11.5% (10%
nominal) and 8.1% (5% nominal), while RSMS yields 12.3% and 9.2%, respectively. SSMS
is most conservative at 7' = 1 and 2 (e.g., 7.1% and 3.9% at T = 1). At T =5 and 10,
CSMS becomes the most conservative, whereas RSMS remains reasonably sized even at
T = 10, which approximates the open-end scheme. As m increases, all methods become

more conservative, with realized sizes falling below nominal.

With v = 0.15, CSMS and RSMS show inflated rejection at m = 100—especially at T' =1
and 2—but quickly turn conservative as m grows. For large m and T, all three procedures

under-reject. Notably, Chan et al. (2021) implement SSMS with v = 0 and do not report

AT



Table A.3: Type I error rates (%) for RSMS (R), SSMS (S), and CSMS (C) under the

PAR(1) null. Columns report monitoring horizons 7' € {1,2,5,10} at nominal levels 5%

and 10%. Rows show training sizes m € {100, 500, 1000}. Panels correspond to v = 0 and

v = 0.15.
T=1 T=2 T=5 T=10
R S C R S S C
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
7=0
m = 100 92 123 39 71 115 154 87 139 31 58 81 116 83 129 34 63 21 39 85 121 33 55 08 1.3
m = 500 46 82 11 35 29 63 43 85 14 33 16 38 48 71 1.8 30 01 03 43 64 17 35 00 0.0
m=1000 28 55 11 30 14 39 27 65 12 25 07 1.7 29 53 17 30 00 02 23 47 16 28 0.0 0.0
5 =0.15

m=100 134 181 1.5 27 133 175 134 195 11 24 86 120 121 181 15 28 23 31 128 181 15 28 06 1.1
m = 500 80 134 03 06 42 78 79 118 03 13 16 35 69 119 03 12 01 01 72 125 02 1.1 0.0 0.0
m=1000 56 101 0.0 06 23 52 63 105 02 07 05 14 60 98 05 1.0 00 00 58 103 06 1.2 0.0 0.0
~v > 0 results, a choice consistent with the finite-sample conservatism we document at

v = 0.15.

In sum, CSMS and RSMS are well-sized or somewhat liberal in small samples, while all

methods—particularly SSMS—become increasingly conservative as the training size or

monitoring horizon rises. Accordingly, we report power for 7" € {1,2,5} and restrict ARL

analysis to T' = 1, reflecting the focus on rapid detection under short horizons.

Second, to evaluate empirical rejection under H;, we simulate series with a structural break

at t* =m + k*, fixing m = 500 and considering k* € {50,200}.

We consider two types of structural change:

(i) Abrupt shift:

ay =

aq,

G,

t <m+k*, A1,

)\t:

t>m+ k", Ao,
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(ii) Smooth change:

ap = a1 + (ay — 041)<1 — 70 (t’(m”“*))) , t>m+ k",

A=A+ (g = A) (1= e D) g s 4k,

Before the break, set ay = a3 = 0.2 and \; = \; = 2. After t* = m + k¥, vary ay and
Ay on a two—dimensional grid, as € {0.2,0.25,...,0.35} and Ay € {2.0,2.1,...,2.5}, to
systematically explore power across signal strengths. For smooth changes, parameters evolve

according to the exponential transition with rate 6 = 0.05.

Figures A.1-A.3 report heatmaps of empirical rejection rates for RSMS, SSMS, and CSMS.
Within each method, the top row corresponds to v = 0 and the bottom to v = 0.15; columns
index 7" = 1,2, 3. Color intensity reflects detection power (darker is higher). RSMS and
CSMS display rapid, monotone gains in power as the signal strengthens, with upper-right
regions approaching 100% rejection. By contrast, SSMS is generally less sensitive, with

lighter shades and fewer cells near full rejection.

Third, we examine ARLs for RSMS, SSMS, and CSMS (Figure A.4). We focus on Type (i)
(abrupt) breaks, as the qualitative patterns persist under smooth changes. To emphasize
early detection, we consider £* = 50 and 7" = 1. The contour plots discretize ARL into five

equally spaced bands, with darker shading indicating faster detection (lower ARL).

Each subfigure displays ARL over the post-change grid (as, Ag), with as on the horizontal
axis and Ay on the vertical axis. Across all procedures and both + values, ARL declines as

as and Ay increase, consistent with stronger signals yielding quicker detection.

Comparing the top row (v = 0) to the bottom row (y = 0.15), introducing a positive =y
improves detection for RSMS and CSMS: darker regions (short ARL) expand and lighter
regions contract. By contrast, for SSMS, v = 0.15 produces a pronounced light band (ARL

~ 400-500), indicating slower detection. Thus, a positive v benefits early-stage monitoring

A19



020 025 030 0.35 040 020 025 030 035 040
oo o2

020 025 0.30 0.35 0.40 020 025 030 0.35 040 020 025 0.30 0.35 0.40
ap o o2

(d)y=0.15T=1 (e)y=0.15,T =2 (f)y=0.15T=5

Figure A.1: Empirical rejection rates for RSMS over the post-change grid (s, \2). Rows:
v =0 (top), v = 0.15 (bottom). Columns: T"= 1,2,5. Darker shading indicates higher

power.

under RSMS and CSMS, but can impair SSMS performance.

Overall, across a range of designs and evaluation criteria, RSMS achieves a favorable balance
of size control and power under both the null and the alternative. It also delivers shorter
ARLs, indicating faster detection. Taken together, these features make RSMS the preferred

monitoring scheme among the three.
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(d)y=0.15T=1 (e)y=0.15,T =2 (f)y=0.15T=5

Figure A.2: Empirical rejection rates for SSMS over the post-change grid (as, A2). Rows:

v =0 (top), v = 0.15 (bottom). Columns: T" = 1,2,5. Darker shading indicates higher

power.
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Figure A.3: Empirical rejection rates for CSMS over the post-change grid (s, \2). Rows:
v =0 (top), v = 0.15 (bottom). Columns: T' = 1,2,5. Darker shading indicates higher

power.
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Figure A.4: ARL under Type (i) (abrupt) breaks with £* = 50 and 7" = 1 for RSMS, SSMS,
and CSMS. Rows: v = 0 (top) and 7 = 0.15 (bottom). Each panel plots ARL over the

post-change grid (az, A2).
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A.5 Contaminated Training and Its Effects on Online

Change-Point Detection

We follow the contaminated training design used in Figure 1 of Shao & Zhang (2010). Let

the training length be m and define

s, 1<t<m/2
X, = Uy = QUp_1+Ey4, g; ~ N(0, 1) independently over t.

n+u, m/2+1<t<m,
In our baseline experiments the autoregressive coefficient is « = 0.5. Following our simulation
notation we write the level shift as A = 7. As shown by Shao & Zhang (2010), the power of
the adjusted-range KS statistic can deteriorate to zero as the magnitude of the shift grows;
the loss is driven by the concomitant growth of the self-normalizer introduced by Shao
(2010). To mitigate this phenomenon, Shao & Zhang (2010) proposed the so-called G test.
Hong, Linton, McCabe, Sun & Wang (2024) demonstrate that the adjusted—range—based
self-normalization does not suffer the same issue, which makes the adjusted—range—based
KS test statistic a robust and power-stable choice for sequential change-point detection

under contaminated training.

After training we observe a monitoring stream of length m7T', where T' € {1,2,5} is a fixed
horizon multiplier. The (single) true change-point within the monitoring window is set at
k* = |m/4], and the process continues the AR(1) dynamics but may experience a jump of
size

Agest = mult x A, mult € {1,2,3}.
Formally, for j =1,...,mT,

Xmtj = 0Xppjo1 + Emys + Aest - 1{7 > K}

To remove the location distortion inherited from training, we demean the full stream by the

training mean X,, = m~! >, X; and apply monitoring to Xmﬂ- = Xpmtj — X
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In the simulation design, we set the training length m € {200,500}, the monitoring horizon
T € {1,2,5}, and the contamination level A on the grid {0,0.5,1.0,...,3.0}. The post-
change size is indexed by mult € {1,2,3} through A = mult x A. The AR parameter is
fixed at a = 0.5 throughout training and monitoring. For the monitoring rules we adopt a
nominal size agiz = 0.05 and set the tuning parameter v = 0, under which SSMS attains

accurate size.

As emphasized by Shao & Zhang (2010), contamination in the training sample inflates the
self-normalizer of naive KS-type procedures, leading to a loss of power. Although Chan
et al. (2021) do not explicitly discuss this point, it is clear that self-normalized KS-type
monitoring statistics are susceptible to the same power loss. In sequential applications
contamination is difficult to avoid because type II errors and rolling re-estimation naturally
push recent (possibly shifted) observations into the training window. Consequently, the
inflation identified by Shao & Zhang (2010) limits the direct use of the Shao’s (2010)

self-normalization, motivating robust alternatives.

Table A.4 presents a representative subset of the contaminated-training Monte Carlo,
comparing RSMS and SSMS across selected (A, m, T, mult) with Ay = mult x A under

v = 0 (higher detection and lower ARL are preferable).

Across these ten scenarios, RSMS uniformly dominates SSMS. Gains in detection range from
roughly 12 to 99 percentage points, and ARL reductions span about 24 to 585 observations.
The advantage is especially pronounced when the post—change size is modest (mult = 1):
for (A =0.5,m = 200, T = 1) the detection rates are 44.0% versus 1.7% with ARL 175.49
versus 199.16; for (A = 1.0, m = 200, T = 1) they are 76.8% versus 0.6% with ARL 163.81
versus 199.80. For larger changes (mult = 2), RSMS often attains 100.0% while SSMS
lags—e.g., (A = 1.0,m = 500, T = 2) yields 100.0% versus 71.6% with ARL 245.59 versus

802.41. Even when both methods are near certain to detect, RSMS alarms earlier; i.e. in
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Table A.4: RSMS vs. SSMS (training sample contaminated): detection rate and ARL across
selected contamination levels A, training length m, monitoring horizon 7', and multiplier

mult (test change size Aoy = mult x A). Results for v = 0.

A (train) m T mult (XA) Agest RSMS Det. SSMS Det. A Det. (pp) RSMS ARL SSMS ARL A ARL

0.5 200 1 1 0.50 44.0% 1.7% +42.3 175.49 199.16 -23.67
0.5 500 2 2 1.00 100.0% 58.4% +41.6 271.52 780.95 -509.43
1.0 200 1 1 1.00 76.8% 0.6% +76.2 163.81 199.80 -35.99
1.0 500 2 2 2.00 100.0% 71.6% +28.4 245.59 802.41 -556.82
1.5 200 2 2 3.00 100.0% 69.3% +30.7 99.30 325.28 -225.98
1.5 500 1 2 3.00 100.0% 9.0% +91.0 218.72 496.10 -277.38
2.0 200 1 1 2.00 97.4% 0.0% +97.4 154.11 200.00 -45.89
2.0 500 2 2 4.00 100.0% 88.2% +11.8 240.64 825.29 -584.65
3.0 200 1 2 6.00 100.0% 4.0% +96.0 88.03 199.65 -111.62
3.0 500 1 2 6.00 100.0% 0.6% +99.4 216.93 499.81 -282.88

(A =2.0,m =500,7 = 2, mult = 2), ARL equals 240.64 versus 825.29. Overall, RSMS is
markedly more robust to contaminated training, delivering higher power and shorter run

lengths than SSMS across a broad range of A\, m, and T'.
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